Abstract. Let C ⊂ A n be an irreducible affine curve of (geometric) genus 0 defined by a finite family of polynomials having integer coefficients. In this note we give a necessary and sufficient condition for C to possess infinitely many integer points, correcting a statement of J. H. Silverman (Theoret. Comput. Sci., 2000).
Let C be an irreducible affine curve of (geometric) genus 0 in the affine space A n defined by a finite family of polynomials having integer coefficients. We denote by C(Z) the set of integral points on C. Let Q be an algebraic closure of Q and Q(C) the function field of C. Let C be the Zariski closure of C in the projective space P n and C ∞ = (C\C)(Q). We say that a discrete valuation ring U of Q(C) lies at infinity if U dominates the local ring O P (C) at a point P ∈ C ∞ (i.e. U contains O P (C) and the maximal ideal of U contains the maximal ideal of O P (C)). We denote by Σ ∞ the set of discrete valuation rings at infinity. Note that Σ ∞ is essentially the set of points in the desingularization of C ∞ .
The main result of [5] is as follows: 2 − x 2 = 15 which clearly has finitely many solutions. We deduce that (X, Y ) = (1, ±8), (−1, 0), (7, ±64), (−7, ±48). Hence part (a) of Theorem A is not correct.
2. Let C be the rational curve defined by Note that it is possible for a curve C to verify (a) or (b) but at the same time to have more than two discrete valuations rings at infinity (as in the case of the second example) and so Siegel's finiteness theorem implies that C(Z) is finite.
In [5] the author obtains a birational morphism defined over Q,
where φ i (S, T ) are homogeneous polynomials of the same degree with integer coefficients. The error arose from the fact that the author considers that the sets C ∞ and {(s : t) ∈ P 1 (Q) : φ 0 (s, t) = 0} have the same number of elements. This is correct in the case where all the points of C ∞ are non-singular, but if they are not, then it may not be true. Consider for example the rational curve C :
It has only the point (1 : 0 : 0) at infinity which is a cusp. It is easily seen that the projective closure of C defined by
The zeros of Z(S, T ) in P
1 are (±1 : 1). Thus we see that C ∞ and Z(S, T ) do not have the same number of elements. Furthermore if (x, y) is an integer solution to the above equation, then yz = x, where z is an integer, and hence y 2 − z 2 = 3 which clearly has finitely many solutions. On the other hand, since (2, 2) is a simple integer point on C and |C ∞ | = 1, part (a) of Theorem A yields that C has infinitely many integer points. Thus the above curve provides one other counterexample to Theorem A.
We call an element V of Σ ∞ defined over a subfield k of Q, if τ (V ) = V for every τ ∈ Gal(Q/k). Furthermore two elements V and W of Σ ∞ are conjugate over a quadratic field k if V and W are defined over k and there is σ ∈ Gal(Q/Q) which is not the identity on k such that σ(V ) = W .
The statement of Theorem A can be corrected if we replace the set C ∞ by Σ ∞ . Thus we have the following result: 2) In the proof in [5] of the "only if" part of Theorem A, the author, supposing that C(Z) is infinite, claims that "C ∞ consists of at most two points, necessarily non-singular" (page 169, line 5). This claim is not correct. For a counterexample consider the curve Y 3 = X. It has infinitely many integer points and (1 : 0 : 0) is its only point at infinity which is singular.
